Integral and differential mass formulae of 4-dimensional stationary and axisymmetric Einstein-Maxwell-dilaton systems are derived. The total mass (energy) of these systems are expressed in terms of other physical quantities such as electric charge of the black hole suitably modified due to the existence of the dilaton field. It is shown that when we vary slightly the fields (metric of the spacetime g µν , U (1)−gauge potential A µ , and dilaton φ) in such a way as they obey classical equations of motion, the variation of the dilaton does not contribute explicitly to the variation of the total mass, but contributes only through the variation of the electric charge of the black hole.
Introduction
One of the great achievements of black hole physics in late 1960's and 1970's, which have formed the standard picture of black holes [1] , was the area theorem proved by Hawking. It has consequently stimulated the investigations on the close analogy between black hole mechanics and thermodynamics [2] [3] . They revealed the parallelism between the area of the horizon and the entropy, the surface gravity and the temperature. Furthermore, Hawking made it clear that the surface gravity of the horizon is proportional to the temperature of blackbody radiation of black holes, induced by their strong gravitational force [4] .
The study of string theory, on the other hand, offered a new insight into gravity: the Einstein equation is a low-energy approximation in string theory [5] . New types of actions including gravity were then considered in the study of low energy phenomenology of string theory and in the study of string compactification (including Kaluza-Klein's) [6] . In recent years, several stringy black hole solutions were discovered and their physical properties were examined [7] [8] [9] .
In this article, we examine the relation between total mass and other physical quantities in the Einstein-Maxwell-dilaton black holes. The similarity of black hole mechanics and thermodynamics established in early 1970's is re-investigated in the context of stringy black holes. The differential mass formula for Einstein-Maxwell theory was given by δM = Φ H δQ H + Ω H δJ + T δA, where Φ H , Q H , Ω H , J, T , A denote electric potential of electromagnetic gauge field measured at the horizon, electric charge of the black hole, angular velocity of the horizon, total angular momentum of the system, Hawking temperature , area of the horizon, respectively. (They will be precisely defined in subsequent sections.) When we look at the action of EinsteinMaxwell-dilaton theory
the existence of the dilaton field seems, at first sight, to add extra degrees of freedom to the variation of the total mass. We will show, however, that this does not happen and the effect of the dilation is absorbed into a suitable redefinition of Q H . This result is consistent with the "no-hair conjecture [10] " in stringy black holes.
The organisation of this article is the following. In section 2, we recall general setups for the description of stationary and axisymmetric spacetimes and derive the integral mass formula of Einstein-Maxwell-dilaton theory. In section 3, we obtain the differential mass formula.
The basic strategy is to use special properties of Killing vectors. Section 4 is devoted to conclusions and discussions.
Integral mass formula of dilaton black holes
We begin by the action (1). The equations of motion are
where we put
We consider stationary and axisymmetric systems throughout this article. Furthermore, we restrict ourselves to the systems of "rotating bodies." That is to say, the spacetime is invariant under the simultaneous inversion of time t and azimuthal angle φ. By the existence of a regular horizon and the gauge freedom of the metric, we may suppose, without loss of generality, that the metric be
where f , g, χ, ω are some functions of (r, θ) and ∆ of r only (See, e.g., [11] [12]). We do not need detailed information of f , g, χ, ω. Important is that the horizon is characterised by ∆(r) = 0 and the determinant of the metric of the 2-dimensional space spanned by the
as one approaches the horizon, whereas (g tt g φφ − g 2 tφ )g rr remains finite. This property is basic in proving the lemma 3 in section 3.
Let Σ be a 3-dimensional submanifold of the spacetime defined by a time-slice of {t = constant}. Σ has its spatial infinity, which we denote symbolically by ∞, and is bounded by the outer horizon H:
Let us recall now several physical quantities needed to develop integral and differential mass formulae [3] [11] . Let
be the time translational killing vector and axisymmetric Killing vector, respectively. The angular velocity of the black hole and the electric potential measured at the horizon are defined by
Since we are now assuming the spacetime to be axisymmetric, so are the spatial infinity ∞ and the outer horizon H. This means that the axial Killing vector m · is tangent to ∞, H, and Σ. Thus m µ dσ µ = 0, m µ dS µν = 0 ( both on ∞ and H ), where dσ µ and dS µν are the dual of volume elements of Σ and ∂Σ, respectively.
Another Killing vector, which is null on H and is normal to H, is defined as follows:
(Note that l · is tangent to the 3-dimensional space that the 2-dimensional space H sweeps with time evolution.) The other null vector orthogonal to H is denoted by n · , which is normalised such that n µ l µ = −1. Then the dual of the surface element of ∂Σ is expressed as
where dA is the surface area element of ∂Σ. We use semicolon ";" in the meaning of the covariant differentiation ∇ µ throughout this paper.
The total mass M of the system, the total angular momentum J, and the total "modified" electric chargeQ are defined by the surface integral at spatial infinity:
These quantities are expressed in other ways:
Here we have used Stokes' theorem
and the equation of motion R µν = T µν − 
We naturally assume the stationarity and axisymmetry of dilaton and electromagnetic field as well as the metric. Thus
where L denotes the Lie derivative. Therefore
Thus there is no contribution of dilaton to the total angular momentum. And we note here that surface gravity κ and electric potential Φ H are constants on the horizon if the dominant energy condition of the energy momentum tensor is satisfied. It is naturally satisfied in our present case. We do no explain details of these quantities. The reader is referred to [3] [11] for the discussion of their physical meaning and property.
First, the following lemma is a starting point of the integral mass formula.
lemma 1
Let A be the area of the event horizon of the black hole and T := κ/(8π) be the Hawking temperature of the horizon. Then the total mass (energy) of the system is given by
proof Using Stokes' theorem,
Next, using the property of Killing vectors k α;β
This lemma is followed by the proposition 1, which states the integral mass formula of Einstein-Maxwell-dilaton theory.
proposition 1
Under these assumptions, total mass of the system M is rephrased as
Thus, if we prove
then the proof of the proposition will be completed. From the Killing symmetry of A µ , we
Let us check that the electric potential is constant on H in the Einstein-Maxwell-dilaton theory as well as in the Einstein-Maxwell. Actually, R µν l µ l ν = 0 holds on H. Using the equation of motion, we get (T
is easily seen from the Killing symmetry. Thus T
(F )
µν l µ l ν = 0. The rest of the proof is exactly the same as that of the Einstein-Maxwell theory. Therefore Φ H is constant even when dilaton is coupled.
We note here that J F is rewritten, by using
, in the following way:
Differential mass formula
In this section, we carry out the variational calculation and show the differential mass formula, which is stated in the proposition 2. When we vary black hole solutions, we preserve the horizon, stationarity and axisymmetry of the black hole [3] :
1)Since we assume the spacetime be stationary and axisymmetric, we should preserve these symmetries before and after the variation.
2)There is a freedom of the general coordinate transformation. Using this freedom, we can require that the horizon H itself be invariant before and after the variation and that the null vector l remain normal to H.
Thus, δk µ = δm µ = 0, δl µ = δΩ H m µ , and (δl) [µ l ν] = 0 holds. These conditions are important in order to prove the lemma 2.
proposition 2
We provide some lemmas below in order to prove the proposition 2.
The proof of the lemma 2 is given in [3] .
lemma 3
When the Einstein-Maxwell-dilaton system is stationary and axisymmetric, and the spacetime has a regular horizon, the following equality holds:
proof of lemma 3
According to the assumption of the symmetry, we can assume without loss of generality that
and that the dual of the surface element dS µν has the only component dS tr . Then,
Since we have assumed the spacetime to have regular horizons, −g tt g φφ + (g tφ ) 2 goes to zero and g rr goes to infinity with (−g tt g φφ +(g tφ ) 2 )/g rr remaining finite as we approach the horizon.
Therefore we can calculate on the horizon
Thus we get
holds on the horizon. This proves the lemma 3.
proof of lemma 4 Let δ g := g µν -variation, δ A := A µ -variation, and δ φ := φ-variation. Then
is easily obtained. The proof of the lemma is completed if we prove
From the equation of motion of A µ and the Killing symmetry of the system, we have
Thus, using this formula,
here we have used the lemma 3. Applying
to the above, we get
We have completed the proof of lemma 4.
proof of lemma 5
Now we can use the Killing symmetry and we get
Plugging this equality into eq. (7), we obtain
This proves the lemma 5.
Putting the eq.s (4), (5), and (6) together, we obtain the differential mass formula (3).
Conclusion and discussion
We presented the integral and differential mass formulae of Einstein-Maxwell-dilaton system.
Electric charge usually defined in Einstein-Maxwell system Q H := 1 4π H F µν dS µν is now replaced byQ H . This is quite reasonable when we look at the equation of motion of the electromagnetic field. Interesting is that the only term, in the differential mass formula, explicitly related to the variation of dilaton is δQ H . Dilaton in the Einstein-Maxwell-dilaton theory is an extra degree of freedom in the action, compared with the Eintein-Maxwell theory.
It does not give, however, any further contribution to the globally defined quantities such as mass, charge, or angular momentum.
We conventionally interpret the 1st term of the right hand side of the eq. (2) as the mass of the black hole and the 2nd term as the contribution to the total mass of the matter (electromagnetic field and dilaton field in the present case) outside the horizon [3] . Now let us consider an extremally charged spherical black hole configuration [8] [9]:
(1 − 2M/r) + (1 − 2M/r)dΩ,
A µ dx µ = √ 2Mdt/r, e 2φ = (1 − 2M/r).
Clearly, H k α;β dS αβ = 0 holds when the black hole is extremal. If we take it literally, the mass of the black hole is zero. But, we should note that this zero mainly comes from the fact that the area of the horizon vanishes as the black hole approaches its extremality. The total mass of the system is defined, in one way, by using a virtual 2-dimensional surface and test body of unit mass placed on it (See, e.g., [11] ). This method clearly breaks down when the area of the 2-dimensional surface under consideration shrinks to zero. On the other hand, the modified electric chargeQ H is nonzero and finite even when the area shrinks to zero. This suggests us that the modification of the definition of mass might be needed as well as that of electric charge. We leave this problem for future investigation.
